Chuong 6
CHUOI SO VA CHUOI LUY THUA

Trong chuong ndy, ching toi trinh bay nhitng khai niém va tinh chit co ban thuong
duoc su dung vé chudi s6. Mot sd tinh chat co ban vé chudi s6 duong, chudi dan ddu nhu
tiéu chuan Leibnitz cling dugc gidi thiu. Ching t6i cling dua ra nhimg khai niém co ban
mang tinh chat gidi thiéu vé chudi ham, phan quan trong ma ching toi mudn nhan manh &
day 1a khao sat sy hoi tu cling nhu khai trién mot s6 ham thuong gip thanh chudi lity
thira.

6.1. Chudi s6
6.1.1. Cac khai niém co ban
1. Dinh nghia

Cho diy s vo han (u,), tong vo han

VAR

Uy +uy + Uy +...+u, +... dugc goi 1a chudi sd, ky hicu 1a: Du,

n=1
u, duoc goi la ) hang tha n.

2. Diy tong riéng

Dit s, = u, +u, +u+...+u, duge goi 1a tong riéng thir n cia chudi sé X u,

n=1

(s,),_,. duge goi la day téng riéng cua chudi s6 Z u,

n=1

3. Chudi s6 hdi tu, phan ky

Chudi s 2.4, dugc goi 1a hoi tu néu ton tai gidi han Lims, =sva s duogc goi la tong

n=l n—»o0
« K i
cuand. Taviet: Du, =s.

n=1

Néu gi6i han Li'm S, khong ton tai hay bang oo thi chudi s 2.u, duoc goi 1a phan ky
n—>0 n=1
va khi d6 chudi s6 khong c6 tong.
4. Phén dw thir n

Trong trudng hop chudi so Z—:1u” hoi tu c6 tong bang S thi hiéu S-S, dugc goi 1a phan

du thir n cia chudi s6 24, , ky hiéu la: r,
n=1

Vay, dudi dang ngdn ngit “e-N”, ta co:
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Chudi sb Y u, hdi tu <:>Vg>O,EIN:n>N:>|s—sn

n=l1

<¢&

©Ve>0,IN:n>N=r|<e

5. Cac vidu

1) Y q" =l+g+...+¢" +...(tong cép s6 nhan v6 han)

n=0
Ta co tong riéng S =1+g+..+q". Xét cac truong hop sau

a)q#1

1_qn+l @, ‘C]‘>1
TacoS§, = ,suyra limS, =< 1
_q n—ow e q‘<1
1-
b) q=1
Taco §,=1+1+..+1=n Do dd: limS =-+o.
c)q=-1
) l,n=2k+1 o .
Taco S, =1-1+1-...= . Do d6 limS, khong ton tai
0, n=2k noe
A - n 1 A A
Vay Y ¢"=——,hoity,néu|gl<l.
n=0 l_q
Chudi sb > ¢" phan ky néu | ¢ [> 1 thi chudi phan ky
n=0
X A2 1
2) Cho chuoi s6 2.
=1 n(n+1)
| 1 1 | I 1 I 1 1 1
S =ttt = (=) + (= =)+ (=)ot (F———) =
1.2 23 34 n(n+1) 272 3 3 4 n n+l
=1- !
n+1

= lims =1 Vay, chudi s6 da cho hoi ty va co tong bang 1.

n—>0

6.1.2. Tiéu chuin héi tu Cauchy

1. Tiéu chuin Cauchy

Chudi s6 du, héitu<:>V€>O,3N>O:p>q2N:>‘sp—Sq‘<8.

n=1

2.Vidu
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Dung tiéu chuan Cauchy, chimg to rang chudi sd Z phan ky.

n=1 1
Giai
1
3e=219N, 3 p=2N>g=N2N: s, =5,| = lsox sy =
1 1 1 1 1 1 N I 1
= - - > +— ..+ = =—>—=¢
N+1 N+2 2N 2N 2N 2N 2N 2 3
6.1.3. Piéu kién cin dé chudi s6 hoi tu
1. Pinh ly

Neu chuoi so 2 u, hgitu thi lim u, = 0.

n=1 n—»o0
Chtrng minh:

T ) X X1 a- & n—>oo
Goi s la tong cua chudi so héitu Ju, = §, ——> S

n=1

Suyra U4, =S, — S 20 5 g—5=0

n—1

2. H¢ qua

Néu lim u,# 0 thi chuoi s0 Zu phan ky.

n—»o0

Vi du

phan ky vi u, =

Chudisé 3
n=l ZN + 1 2n + 1

—>%¢0 khi n > o

3. Chi y

u, 2% 50 chi la diéu kién can ma khéng di dé chudi sé Zu hoi tu.

n=1

, |
Chiang han, xét chudi sb X——
g he ~ \/;

1 n
- R

Ma Lim \n = + o 3%_5’3305 =+ Vay, chudi sb Z\/_phanky

n=1
6.1.4. Tinh chit cua chudi s hdi tu
1.Tinh chat 1
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0 o0
Néu chuoi so 2u, hoi tu cé tong la s, chuoi s6 2.V, hoi tu cé tong la s’ thi cdc chuoi
n=1

n=1

> (u,+v,) ciing héi tu va cé tong la s £ s’
n=1
Chtrng minh:

s )
Goi s, va s’; 1an lugt 1a cac tong riéng thir n ctia cac chuoi s6 2u, va v, .
n=1

n=l1

e 7 N 7 A . I\ _ /
Khi do, lims, =s va lims, =s = lim (s, +s,)=85+8 = dp.cm

n—>0 n—»o0 n—0

Vi du

) . o 3n + 4n
Tinh tong ctuia chuoi s6 sau: X T
n=1

Giai

Taco

2. Tinh chit 2

o0 o0
Néu chuoi s6 24, hi tu cé tong la s thi chuoi so Y ku, cting hoi tu va co tong la ks.
n=1 n=1

Chung minh:

o0
Goi s, 1an lugt 1a tong riéng thir n ctia chudi so: 2u,

n=l1

= Lim ks, =k Lims, = ks = d.p.cm.

n—>0 n—®

3. Tinh chét 3

Tinh hoi tu hay phdn ky cua 1 chudi sé khéng thay doi khi ta ngdt bo di khéi chudi sé
do 1 5o hitu han cac so hang dau tién.

Chtrng minh:

o0 o0
Néu b6t di tr 24, m sb hang dau tién, ta duoc chudi sd XU,

n=1 n=m+l
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0
A R A Ja \ Ja 5 ) X K & \
Goi s, va s’ 1an luot 13 cac tong riéng thi n va thir k cta cac chudisé Yu, va U,

n=1 n=m+1

S

m+k ~— Pm

-
=S8, =S

k— o

m+k — oo /
>§ =5 —2C 55—, =

[e0]
* Néu chudi sb 24, hoity = Sk

n=l

0
chudi so 2 u, hoi tu.

n=m+l1

0
* Néu chudi s6 2.4, phanky = s,,., khong co gi6i han khi k—w0va do sy,
n=1

hitu han =s’, khong c6 gidi han khi k£ — o = chubdisdé X, phanky.

n=m+l

Vi du

, ne ) x. 2o 1
Xét su hoi tu cua chuoi s6 2.
n=1 N +3

Giai

Chudi nay suy tir chudi diéu hoa bang cach ngét bo di 3 s6 hang dau tién. Ma chudi

diéu hoa phéan ky nén chudi i 3 cling phan ky.

n=1 N+
Bai tap
Tinh tong ctia cac chudi sau
o 1 ] » 2n+l
1 [
) nzzl n(n+4) )214112 -1 wmin’(n+1)°
i 1 © 2" +5" > 1
5 6
)Em(n+1)(n+2) )né 10" )nzzl4n2 -1

6.2. Chudi s6 dwong
6.2.1. Dinh nghia

o0
Chudi sé dwong 1 chudi sé ) U, ,ma u_ >0, Vn>1
n=1

Vi du

i; 14 chudi s duong
A Nn+13" '

6.2.2. Pinh ly
Chudi s6 dwong hoi tu khi va chi khi day (s,) bi chan trén.
Chtng minh:
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o0

Vi Z u, hoi tu nén day (s,) hoi tu. Ma vi u, >0, Vn 21, suy ra day (s,) tang, do d6
n=1

(s,) bi chan trén. Nguoc lai néu (s,) bi chan trén, thi ton tai dudi han, vi day (s,) tang, do

0
d6 chudi sé Y u, hoi tu.

n=1
Vi du
Xét su hoi tu cta cac chudi sb duong sau:
=1
D>~
n=1 N
TaCéSn:L+L+...+L£—+L+...+ ! :2—l£2
1> 27 n? 1 12 (n—1)n n
Suy ra s, bi chin. Vay chudi trén hoi tu.
|
2)Y —
n:l\/;
Tacos - L, L, Lt L, L_n_g

N Y Y N N N R
Suy ra s, khong bi chin. Vay chudi phan ky.

6.2.3. Cac tiéu chuin hoi tu

1. Tiéu chuin so sanh

a. Dinh ly

0.0 [e0)
Gia sit 22U, va 2.V, 1a 2 chudi duong thod u, < v, N'n > ny, khi do

n=1 n=1

o0 o0
* Néu chudi 2V héi tu thi chudi 2-Y, héi tu.

n=1 n=l1

* Néu chudi Zlun phan ky thi chudi Zvn h phan ky.
n= n=1

Chung minh:

Do tinh chat 3 cua chuoi s6 hdi tu, c6 thé gid su n, =1, nghiala u, <v, Vn

* Goi s, va s, 1an luot 12 tong riéng thir n cia cac chudi Zlun va ZIV
n n

= 5,<s’, Vn (1)
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X A \ r LA \ ~ \ . /
Néu chudi 2.V, hoi tu va co tong la s°, nghia la Lims, = s

n=1 n—oo

2)

= 5,35 Vn
T (1) va (2) =5, <s' Vn = Chudi 2%, hitu

* Néu chudi 21, phan ky = 5, —+0
n=

3)

Tir (3) va (1) suy ra: S, ——5—>+9, nghta 1a chudi 2.V, phan ky
b. Vi du

Xét su hoi tu cua cac chuoi so sau:

1)2

\/_211

1 1
0 <— Vn
Jn2m T2

n=1

ma chudi Z? hoi tu = chudi da cho hoi tu.

2) Chudi s6 3

=24/n —1

phan ky vi
x < ! Vn > 2 ma chudi Z phan ky
n An-1 J_

3)2

17"+ 2n

Ta co: O<

2
<(=)", Vn=>1
+2n (7)

Ma chudi Z( j hoi tu nén chudi Z 2"
n= 15” +n
YI T

Ta co:

hoi tu.

%\"

Inn 1

> , Vn>3
Jn+1 " An+1
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e | R
Ma chudi > phan ky nén chudi > ——

n=2\/;+1 n=2\/;+1

2. Tiéu chuan tuong duong

phan ky.

sy, \ \ X , ..U
Gia st XU, va 2V, 1a2 chudi duong thoa 1im —* =k

n=l1 n=1
n—»0 vn

[e] 0
1) Néu 0 <k <+ thi hai chudisé Zlu,, va, Zvn dong thoi héi tu hodc phén ky.
n=

n=l

o0 o0
2) Néuk=0. va chudisé D v, héituthi Y u, hoitu.

n=1 n=1

e} e 0]
3) Néu k = +0 va chudi sé Zvn phan ky thi Z”n phan ky.

n=l n=l1
Chung minh
\ ° un r un
DT lim—" =k tacd Ve>0,3n, >0: Vn2n, = "> —-k|<e.
n—>0 vn vV,

, U
Doddé *+<e&+k suyra u, <(s+k)v,, Vn=n,.

n

(e 0] o0
Néu Zvn hoi tu nén chudi Z (& + k)v, hoi tu. Theo dinh 1y & trén ta suy ra chudi

n=1 n=1

Su, hoi tu.
n=1

Néu Zvn phan ky thi ta cling lam tuong tu, tuy nhién chu y tir lim 22 = k suy ra
n—w \%

n=1 n

e 0]
limv—”=%. Vi 0<k <+ nén 0<%<+oo. Do do néu chuéiZun hoi tu thi t suy ra

n—>o0
u, n=1

chudi Y v, hoitu. Vay > u, phanky.

n=1 n=1

Vay 2 chudi Y u,, > v, donghdi tu hodc phan ky.

n=1 n=1

2) Gia st k=0 va ) v, hoi tu.

n=1
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n

v

n

Khi d6 tir gia thiét lim“ =0 ta c6 Ve >0 ,3n, >0:

n—>0 V

<& Vnzny=u,<ev,Vnn,.

Vi > v, hoity, nén > ev, hoi ty, do d6 D u, hoi tu.

n=1 n=1 n=1

3) Chung minh hoan toan twong tu nhu myc (2). Gia sir k =+ va > v, phanky. Tir

n=1

. u .V
lim—* =+ suyra lim—+=0.
n—>ow v n—x0 u

n

© © 0

Do d6 Y, u, phanky, vinéu D u, hoi tu thi theo (ii) suy ra > v, hoi tu mau thuln.
n=1 n=1 n=l

Chay

Thudng ta so sanh v6i chudi sé quan trong chudi cap s6 nhan va chudi diéu hoa.

Vi du

Xét su hoi tu cta cac chudi s sau:

2" +n’+1
D Z5"+2n+2

, 2" +n’+1 e « . L xe A = 2
Ta co u, = ioney” 0, v6i moi n>1. Ta s& so sanh voi chudi s6 Y v, =D (5)"
+2n+ n=l

= n=1

hoi ty.
D@ thay rang

lim 2o = 1 , do d6 chudi s6 di cho hdi tu.

n—>0 A\
n

Inn 1 .. )
Tacdo u,=—=2=2—=,v01moi n=>3.
JZ Jn’

Ma chudi Z \/_ phéan ky ( vi du & trén), nén chudi da cho phan ky.

3) < 3n+1
S niNn+n+2
3n+l o
Ta co unzzn—>0,vc'nm()1n21.

n+n+2
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1 . u X = . ) .
>0. Ta co. Dolim— =3 chuoi Zvn hoi tu, nén _on+l hoi
n\'n "y, n=1 St +vn+2

Chon v, =
tu.
3. Tiéu chuin D' Alembert

a. Dinh 1y D' Alembert

un+1

=D thi chudi sé 2u, sé hoi tukhi D<1 va

n=1

o0
Néu chuoi s6 dwong 2u, thoa Lim
n=1

n—»
un

phan ky khi D > 1

Khi D =1Chuéi s6 dwong Y.u, c6 thé héi tu hodc phan ky.
n=1

Khi D=+ chudi sé dwong Z1u" phan ky.

Chtrng minh:
* D<1
1-D>0Chon e<1-D =D+e<l

. u u

lim 2 =D = 3n,:n>n, = |- -D|<¢
n—+o 1y u

n n
=>u,, <(D+eu, Vn>n,
n=n,+1:u, ,<(D+&u,

. 2

n=n+2:u, <D+, , <(D+é&)u,

n=n,+k:u <(D+g)kun0+lm

ny+k+1

Ma chudisé X (D + 8)ku,10+1 hoitudo 0<D+e<1
k=0

— Chudisé 24, hditu = Chudisd 24, hoity.
n=ny+1 n=1

*D>1

Chon e =D-1hay D-¢ =1

. u u

Lim—" =D = 3n, :n>n, = |- -D|< ¢

n—+o0 un un
un+1 .

> ——>D-¢=1 Van>ny,=u,,, >u, VYn>n,= Limu,#0
u

n—>0
n
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= chudi s6 duong glun phan ky.

*Khi D=40: VéiM=1, IN:n>N = "+1>1:>un+‘1>unVn>N
u

n
= u, —"2* 50 = chudi s6 duong U, phan ky.
n=1

b. Vi du

Xét su hoi tu cua cac chuoi sau

N Z(n+]) i”n

n=1 n=I

Uy _ [(n+2) 2" s n+2_oo

lim — - =
n—>0 u n~>oo 2n+ (n + 1)' n—o0 2

+1)!

— Chudi s6 Z phan ky.

n=1

limh=lim{n+l.5—}= im 21 =%<1 — Chudi s6 isﬁn hoi tu.
n=1

ooy n—» 5”+1 n n—o  Sp
e 2"’
3
);n!
2n 2n+1
Tacou,=—,u, = . Do doé
n! (n+1)!
un+1 2
—l — = 50, khi n— oo. Vay chudi da cho hoi ty.
u, n+l
)Z n—-n’+1
12" +3n+1Inn
3 2 3
, -n" +1
Ta co un=L~n =V,

2"+3n+Inn 2"

3 n
Vn+1 — (n2++]i) .273 _) l < 1 .
v, n n

0
Do d6 chudi ) v, hoi tu

n=1

Chuy



Khi D =1 thi chwa cé két lugn gi, nghia la chudi d6 cé thé hdi tu, ciing cé thé la phan

ky.

> e"n!
Chang han, xét chuoi Z —
n=1 N
1 n
Ta co Yn _ € _y1khi n—>o00. Vi (1+j <e VOI MOl n>1nén u, , >u,,
n

o0

u n
")
n
e n!

véimoin=> 1. Dac bi€t u, >2u, =e, suyra limu, > e. Do vdy chuoi Z—n phan ky.
n=l N

Vay chudi da cho hdi ty.

4. Tiéu chuin Cauchy

Cho chudi s6 duong Sy . Gid st lim 4fu, = L. Khi do
n=1 n—»0

o0
I)NéuL < 1thi Y u, héitus

n=1

2)NéuL>1thi Y u, phan kp.

n=1

Chtrng minh:
Giasu: lim4/u, = L.

-Khi L < 1. Lay r sao cho L <r < 1. Khi d6 3n, > 0:4fu, <r,Vn>n,, nghia la

0 0
u, <r",¥nzn,.Vichudi Y r" hoitunénchudi Y u, hoi tu.

n
n=n, n=l

-KhiL>1.Taco dn,>0:%u, >1,Vnzn,, tacla u, >1, Vn>n,. Do do u,

khong dan vé 0 khi n — oo . Vay chudi > u, phanky .

n=l1
Chay
Khi L =1 thi chua c6 két luan gi, nghia I chudi d6 c6 thé hoi tu, cling co thé 1a phan
ky.
Vidu

Xét su hoi tu cia cac chuoi sau:
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2n+1
3n+2

)Z(

j héitu,vil:§<1

2) Z(”Tﬂj phanky, [ =e > 1
n=l1

5. Tiéu chuén tich phan Cauchy
a. Dinh ly
Xét chudi s6 dwong D p, . Dat ham s6 f{x) théa f(n)=u,,Vn>1
n=l

Gid st ham f(x) d6 lién tuc, duwong, gidm trén [1;+o0).

Khi d6 chubi Zu hoi tu j £(x)dx hoi tu.

n=1
Chtrng minh:
Theo gia thiét, ta c6 voi moi k, ham f{x) giam trén doan [k, k+1] nén
u,=fk+1)< f(x)< f(k)=u,, Vx elk,k+1], theo dinh ly trung binh tich

k+1

phan ta c6 U, < j J(x)dx <u,. Do d6 véi moi k nén ta cd
k

2 3 n
ij(x)dxﬁul, U,y ij(x)dxﬁuz, o U, S Jf(x)dxﬁun_l,
1 2 n-1
Suy ra:

u, +u, +..+u, ij(x)dx+if(x)dx+...+ j f(x)dxzj‘f(x)dx

Su tu,+...tu,

Do d6:

s, —u < If(x)dx <s,
1
bat /1, :If(x)dx.Tacc'), S, —u <I,I <8 , (*)

(=?) Giasir chudi Y u, hoi tu.

n=1
Theo dinh Iy muc 2, suy ra ddy tong riéng (s,.;) bi chin. Do d6 tir bat dang thic (*)
suy ra day {/,} ciing bi chdn. Hon nfta lim/, dé thay day {/, }tdng. Do vay ton tai, do

n—>0
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+00
do [ f(x)dx hoi tu.
1

+00
(?<) Gia str j f(x)dx hoi tu. Khi d6 {7,} bi chin. Tir bat dang thirc (*) suy ra S, }

bi chdn, cho nén chudi ) u, hoi ty.

n=1

b. Vidu

, s , x. & 1 X. -
1) Xét sy hoi tu cia chudi Z—a, a € R (chudi Riemann)

n=1

A 1 < A A 5 A 5 , s A ‘A 5 . ’
-Néu a>0: dat f(x)=—-. Kiém tra thay f(x) thoa tat ca cac dicu kién cua dinh ly.
X
+00

Ta biét rang tich phan suy rong .[ La dx hoi tu khi a >1 va phan ky khi o <1
1 X

-Néu a <0 thi limu, =lim%¢ 0
n

Vay chudi Zia, a €R hoitukhi o >1 vaphanky khi a <1
n=1 N

’) i 3ln n
n=1

,vOi moi n>3. Ma chudi Z— phan ky, nén chudi di cho
3/ 2 3/ 2 2
n An n=l 3
n
phan ky.
f !
n= l nvn +

Un* 3 N | o 3,4
Ta co -1 = L Vi chuoi z phan ky, nén chudi z —1 phan ky.
nyn+1 ! ! n=l n=1 NI+

nn? nb n6

]

Dung tiéu chuén tich phan, xét ham sO f(x)= Inx
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D, = (04), f'(x)= "X flx)=0cx=e

Bang xét dau dao ham

X 0 e 3 + 00
f/f + 0 -

Ham f(x) lién tuc, don di€u giam, duong trong [3,+ o)

¢ In xdx

+00 400 2
Mit khéc j = [Inxd(inx) = fim [ Inxd(inx)= lim (m al
3 3

b—>+0 2

y

In?h—1In3 _—y
Lim (%j = +oo . Viy chudi 3 phan ky.

b—>+w0 n=3 N

5)2

o nlnn

, 1
Xétham so f(x) =
xInx

lién tyc, duong trén [2,4+0) va u, = f(n) Vn =2

Inx+1

fl(x)=-

<0 Vx>1= f(x) giam trén [2,+o0)
*In* x

Mefltkhélc,]io d = lim Id(l x)_ lim [ln|lnx| = [im [ln‘lnb‘ ln‘anH + 00

> xlnx b+ > Inx b+ b—>+o0

— Chudi d3 cho phén ky theo tiéu chuén tich phan.
Bai tap
Khao sat sy hdi tu cta cac chudi s sau

”i%@"

+1

2) Z

n= 1n%+2

= 149.n°
)21357 (4n—-23)
4) iln5n+3

n=1 5”

2

21 1"
5 — 1+=
);2”(+HJ

136



o0
6) > —

n=1 n 42

6.3. Chudi s6 dan dau - Chudi s6 c6 dau bat ky
6.3.1. Chudi dan d4u
1. Dinh nghia
Chudi dan diu 1a chudi s c6 dang
U, —u, +uy—.. hay —u +u, —u; +..., (1)
Trong d6 u, >0, Vn=1
Vidu

1—1+1—...
23

. Lo X _
Ta quy u6c chi xét chuoi dan dau co dang u, —u, +u; —... = Z(_ 1)” 1”n .
n=l

2. Dinh ly Leibnitz
a. Pinh ly

Néu day {l/ln } la mgt day giam va u, —> 0 khi n— oo thi chuéi Y (=1)"" u, hoi tu va

n=1
i:(—l)n_1 u <u,.

n=1
Chtrng minh:
Dé chiig té dy tong riéng (s,) hoi tu ta chimg minh no ¢6 2 diy con hoi tu (sy,)
va (Som+1)
Ta cO Syam+1) = Somr2 =Som T (Uzmt1 - Uzme2 ) > Som = (Som) tAng
Mat khac, ta cling co
Someny = Uy — [(”z —uy) + (uy —us) + (g —uy) + .. (uy, - u2m+l)] <Uu
= DAy (Som) hoi tu vés <u,
Chu ¥ rang $o,>0 V'm
Talai cO: Sy, = Sy, T Uy

Dou, >0 =u,,, —0

=8, >s+t0=s

S2m—)SC>V8>O,E|m12m>m1:>‘S2m—S‘<8
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Somsy >8> Ve>0,3dm, : m>m, :>‘32m+1 —s‘<g
bat N =max (2m,,2m, +1)
Khi d6, vn > N ¢o6 2 kha nang
* =2k >2m = k>m =|s, —s|<e
¥ n=2k+1>2m, +1=k>m, :>‘s2k+l =S‘<8
VayVe>0,3N:n> N = |s, —s| < £ (d.p.c.m)

b. Vidu

. N
Xét su hoi tu cua chudi dan dau X (-1)"".—
n

n=1
Giai

1 in e, n .
uy =——122 50 vaday (u,) don diéu giam = (u,) hoi tu thueo Leibnitz

n
vatong s <u, =1
c.Chay
Néu chudi (1) thod Leibnitz va héi tu vé s thi chudi
—(uy, —ty +uy —u, +...) hoi tu vé -s
Nhue vy néu cdc gid thiét ciia dinh 1y Leibnitz dwoc thod thi chudi dan déu
+ (u, —u, +uy —u, +...) hdi tu va tong s ciia né thoa ‘S‘ <u.
d. Tinh gin diing tong cia chudi dan dau hji tu

Néu chudi dan dau + (&, —u, +u; —u, +...) thoa Leibnitz thi chudi phan du thtr n

U, , tu,., t..clinghoitu theo Leibnitz va theo cht y & trén ta co: <u,,

n+l rn

Theo dinh ly Leibnitz, ta chi biét chudi dan du hoi tu nhung khong rd § bﬁng bao
nhiéu nén nay sinh van dé udc lugng tong S .

Ta xem s = s, s& vap phai sai sd tuyét dbi 1a: ‘S =s,|=l<u,,,
Vi du
.y x. < n-1 1 £
Tré lai chudi > (—=1)"".—, néu ta xem
n=1 n
1 1 1 1
S~ S5 =1-—+———+—-—~0,5+0.33-0,25+0,2 = 0,78
2 3 4 5

Vap phai sai s tuyét déi 1a |1 < u, = é ~ 0,167
Thong thuong ta gap bai toan nguogc lai
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“ Phai chon n t6i thiéu bang bao nhiéu dé gia tri gan ding s, cua chuoi dan dau chinh

xéac dén & ( nghia 12 sai s tuyét d6i khong vuot qua 3)”’.

Ap dung vao vi du trén, ta phai chon 7 sao cho: ‘rs‘ Su, <0

< L 11<1000 & 1> 999

Chang han & = 0.001, thé thi n phai thoa <
n+1 1000

Vay, n toi thiéu 13 999.

6.3.2. Chudi c6 diu bat ky
1. Pinh ly

0] o0
Néu chuéi sé 21 U, hoi tu thi Z1u hoi tu.
n= n= n

Chtrng minh

un

>

o0 o0
Goi s, vas’, lan luot 1a tong riéng thir n ctia cac chudi so YU va Zl
n=1

n n=

~ \ \ / —
nghiala s, =u, +u, +us, +..u, va s, = ‘“1‘ +‘u2‘ -I—‘uS‘ +‘un‘
0
Trong chudi 2. | ky hiéu
n=1l n

s LA o AL o a A A -SPE
S, la tong cua tat ca cac so6 hang duong trong n s6 hang dau tién

S, la tong cac gia tri tuyét doi cua tat ca cac sO hang Am trong n sO hang dau tién. Ta
co

_ + — R /_ + —
s, =S8, —s, vas, =S8, tsS,

Ro rang(s)) va (S, ) la nhitmg ddy tang va s, < s..5, < s) )]

cr s A X, X S e / I oo /
Theo gia thiét, chuoi so 21 U, hoitu = s, > vas,<s Vn (2)
n=
N N / - /
Te()va2) = s, <s' Vn, s, <s Vn
3 4 + =\ 1A . v aA s RS N
Suy ra rang cac day so (Sn ) va (Sn ) déu hoi ty (vi déu tang va bi chan trén.)

Do do (Sn) cling hoi tu.

2. Dinh nghia

o0 0
Chudi s XU duoc goi 1a hoi tu tuyét dbi néu chudi s 2|4,
n=1

n=1 n

hoi tu.

3.Vidu
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© SIn 11X
Z_: hoi ty tuyét doi.
Giai
Tac Isman _ |s1nnx| . _3 v
n

© 1
ma chudi s6 2.—5 hdi tu ( Chudi Riemann véi a =3 > 1)
n=l N

4.Cha y

01 SO

n
n=1

ky, ta n6i chudi sb Zun ban hoi tu.

n=1
Vi du
Chui s6 i}(—l)’“% bén hi t vi chudi s6 3 ()" % -5 % la chudi didu hoa phan
k3.
Vi du

Xét tinh ho1 tu cua cac chuoi so
L
sinn
D2
n=1 N

sinn 1

Ta cé | |<—,dodo chudi da cho hoi tu
n’ n
2) _1) 2n+1jn
Z( ) (3n+1
Ta cod

o+l 2 N
{lu, | =—— =<1 =>Chudi da cho hoi tu.
3n+1 3
Chuy
Néu chudi Z| u, | phan ky thi chua két luan chuaiZu , ho1 tu hay phan ky. Tuy
nhién, néu dung tiéu chuan D’Alembert hay Cauchy ma biét duoc Z| u, \ phan ky thi
Z u, ciing phanky.

That vay, tu
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Z/ln+1

u

n

>1<u,,|>u, [>u, >0,¥n2n,>0 , do d6 u, khong dan vé 0, tic 1a u,

n+l

khong tién vé& 0, suy ra chudi phan ky.
Vi du

> (1)

e(n+l)2

u,,+1 — n_': 1 2n+l
u n+1)! e n+1
| (n+1)

Ta co — +00. Do d6 chudi da cho phéan ky.

Trudng hop Y| u,, | phan ky nhung 3", hoi tu thi chudi Y. u, dugc goi la ban hoi
tu.

Vi du

2.(-1)
Bai tap

1) Chimng t6 rang cac chudi sb sau ban hoi tu

a) Z_;(—I)“#J;]” D3 D" = )Z( =

i 1 labanh01tu

2n+l

2n’ +1 * 1
d) (-1" e ="
Z 743 ) nzz;( ) 2n—1
. & COSHTT

2) Cho chudi s6 Z

n!
a) Chimng t6 rang chudi s6 nay hoi tu theo Leibnitz, hon thé nita no con hoi tu tuyét
dbi.
b) Phai chon # t6i thiéu 13 bao nhiéu dé s, 1a tri gan dung cua tong cua chudi véi do
chinh xac 6 = 0,001
6.4. Chudi luy thira
6.4.1. Chudi ham
1. Dinh nghia
Chudi ham 1a chudi ) u,(x), trong d6 cac u (x) 1a cic ham cua x.
Khi x = x, thi chudi ham tr& thanh chudi s0 Y u, (x,). Néu chudi s6 hoi ty thi diém x,
goi 1 diém hoi tu, néu nd phéan ky thi x, goi 1a diém phén ky.

- Téap hop tat ca cac diém x ma chuoi ham hdi tu dugce goi la mién hoi tu ctia chudi
ham.
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-5,(x)= Zuk (x):goila téng riéng thir n cua chudi ham.
k=1

- Néulims, (x) = s(x) thi S(x) goi 1a tong ctia chudi ham. Trong trudng hop nay,
r(x)=s(x)—s,(x): goila phan du tht n cta chudi ham. Do d6 ta co
r,(X)=u, (X)+u, ,+..

2.Vidu
1) Zx"
n=0

Xe A 1A o , Y 1
Chuoi nay hoi tu véi moi x thod x| < 1 va co tong S(x) :1—.
- X

Viay mién hoi tu cta chudi trén 1a X = (-1; 1)

1 J4 - A A \ A 5 B X . ~ X
2) Z—X cOd mién hdi tu la X = (1;+00) (theo két qua cuia chudi Riemann da biét)
n

COS nx
3)
Zn +x?
. smnx| 1 1 .
Ta co < <—, Vx.Ma chudi Z— hoi tu nén Z h tu, Vx
n+x | n+x* n n+x?

Vay miénhoitula X =R.
6.4.2. Chudi ham hdi tu déu
1. Dinh nghia
Chudi ham 3"y, (x) dugce goi 1a hoi ty déu t6i ham S(x) trén X, néu

Ve>0,3n,>0:n>n, = \S(x)—Sn(x)\ = \rn(x)‘ <&, Vxe X

2.Vidu
Chudi Z & hoi tu vé1 moi x (theo dly Leibnitz)
x> +n
, 1 1
Ta co |rn (x)| < |”n+1 (x)| = < , VxeR

xX*+n+1 n+l

Nhu vay |rn(x)|<L<g,v n>1o
n+1 &

Do d6 Ve >0, lay n, > L1 Knido Vn>n,,
&

<eg,VxeR

Vay chudi y (;1)" hoi tu déu trén R .
X" +n

3. Tiéu chuan vé su hoi tu déu
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a. Dinh Iy (tiéu chuin Cauchy)
Chudi ham > u, (x) hoi tu déu trén X khi va chi khi Y& >0,3n,:¥n,peN', nzn

=

U, () +..+u, (x)‘ <g,VxelX
b. Pinh Iy (tiéu chuin Weierstrass)

Cho chudi ham Zun(x) Néu c¢6 mot chudi s6 duong Zan hoi tu sao cho
‘”n (x)\ <a,, Vn>1,VxeX thi chuoi ham trén hoi tu tuyét doi va déu trén X.

Chtrng minh.

, Vx € X hoi tu (theo tiéu chuan so sanh)

Do d6 chudi 3y (x) hoi tu tuyét doi.

Vi chuoi so Z a, hoitunén tacod

Uy () F e 1, (0] < 1, () | o 11, (0) [<

<A, t..ta,,<&VxelX

Theo dinh 1y Cauchy trén, suy ra chudi ham hoi tu déu trén X
Vi du

Xét tinh hoi tu déu cia chudi ham

COSnx
2

n-+x
Tacé|czosnxz|£ ! 5 Lz Vne N ,VxeR
|n +x | n+x* n

Ta da biét chudi s6 duong Z hoi tu nén chudi ham Y ——= COSM hoi tu tuyét dbi va déu
I’l + X
trén R .

4. Tinh chit co ban ciia chudi ham héi tu déu
a. Tinh chat 1

Cho chuéi ham Zun(x) héi tu déu vé ham S(x) trén X. Néu cdc s6 hang u,(x) déu lién
tuc x, € X thi S(x) ciing lién tuc tai x, € X .

Ta c6 lim S(x)=S(x,) < lim Zun (x)= Zun (x0)= Z limu, (x).
X=X x=xo 7 P L XX

Vi du

sin
Tinh llmz n

wr 5?4 x

Ta thay chudi trén hoi tu déu, cd cac s6 hang lién tuc tai x =7
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sinnx . sinnx

Do ddé Iim =) lim =0
b. Tinh chéat 2

Cho chudi ham Zun (X) hoi tu déu vé ham S(x) trén [a, b]. Néu cdc sé hang u,(x) déu
n

A n b b b
lién tuc trén [a, b], Vn>1 thi J'S(x)dx:."{zun (x)}dxzz."u” (x)dx*

n a

¢. Tinh chét 3
Cho chudi ham Z“n (x) hoi tu trén (a, b) t6i S(x), cac s hang u, (x), u', (x) lién tuc

trén (a, b). Khi dé néu chuoi ZM'n (X) héi tu déu trén (a, b) thi S(x) kha vi va S’(x) =
i, (x).

6.4.3. Chuéi liiy thira
1. Dinh nghia
Chudi liiy thira 1a chudi ham c6 dang
ianx" =a,+ax+.. (1)
n=0
Chuy

Néu chubi luy thira c6 dang Y a,(x—x,)", thi bang cach dat X = x — x, ta dua chudi
n=0

d6 vé dang (1). Vi vdy, ta quy udc nghién ctru chudi liy thira c6 dang (1).
Vi du

o0 n

1 trong d6 a =
)27, g do g, =
0 2n_1 n , 21’1—1 !
2 —2y",trong d6 a =
),,Z_(;(7n2+1j (x=2) S (7n2+1j
2. Dinh ly Abel

[e 0]
Néu chudi luy thura Zanx" hoi tu tai x = x, # 0 thi né hoi tu tuyét doi tai moi x thod
n=0
[ <xo

Chtrng minh:
o0 o0
Gia st chudi luy thl‘raZanxn hoi tu tai X,. Khi do chudi sb Zanxon hoi tu,
n=0 n=0
a,x, = 0 khi n —o0. Do do

144



3K >0:|a,x)| <K, Vnz1

n n
. x X
Ta cod ‘anx” :‘anxg‘— <K|—|, Vn=l.
xO xO
. - ! - . X n x. - . il -
Khi [x|<[x, | thi ¥ K 21 hoitu (vi 2L <1). Do vay chudi luy thira Z\ a,x" | hoi tu.
n=0 | Xg Xo n=0

3. Hé qua

Néu chudi Iuy thira ianx" phan ky tai x =x, thi n6 phan ky tai moi x thoa
n=0
x> ol

Ching minh:

That vay néu c6 x; thoa | x, > x, | ma chudi hoi tu tai x,. Khi d6 theo dinh 1y Abel
no6 s& hoi tu tuyét ddi tai V| x|<|x, |, ma trong khodng nay c6 chira diém X, diéu nay
mau thudn voi gia thiét.

4. Ban kinh hoi tu ciia chudi liy thira
a. Dinh nghia

0
S6r>0 duge goi 1a ban kinh hoi tu cia chudi liy thira ) a,x"néu chudi
n=0

ianx” hoi tu (tuyét d6i) voi moi | x |< 7, va phan ky véi moi | x|> 7.
n=0
Chi y
Néu r =0, thi ianx” chi hoi ty tai x=0.
n=0
b. Pinh ly (Hadamard) (Cong thurc tim ban kinh héi tu)

Gia sur pzlim@ (hodc p=1limg|a,|). Khi @6 ban kinh héi tu duwoc tinh bang

n—»m | an
cong thirc:

1
—, 0O<p<+xo
P

r=10,  p=ro 9
+0, p=0

Chtrng minh:
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. |a L |u(x . |a
Gia st p=llmw.Taco hm| g )|=11m| et |

= |a, | | u, (%) | |a, |

n

1xf=p.]x]

. ~ . 1
* Néu 0<p<+oo, thi chudi hoi tu tuyét doi khi p|x|<1<|x|<—, phan ky khi
P

! 1
| x|>— Do d6 ban kinh hoi tu r =—
2

Yo,
* Néu p =+oo thi Vx#0, tacod lim% =+00, do d6 ban kinh héi tur =0.
u,(x
* Néu p=0 thita co 1im% =0<1, suy ra chudi hdi tu tuyét ddi VxeR , do
u,(x

do6 ban kinh héi tu r=+o0.
Dbi voi truong hop p= limq/m ta cling ¢6 chirng minh twong tu.
5. Bai toan tim mién hoi tu cta chudi Iy thira
- Buéce 1. Tim ban kinh hoi tu 7 ctia chudi luy thira bang cong thirc (*)
- Bude 2. Xét tai 2 diém mat x =r,x =—r.
- Bude 3. Két luan mién hoi tu.
Chay

Néu chudi liy thira co dang > a,(x—x,)", thi bang cach ditX = x — x,ta dua vé
n=0

dang > a, X" trudc khi 4p dung cong thirc (*).

n=0
Vi du

Tim mién hoi tu cua chuoi luy thira

n

- Ap dung cong thiic (*) & trén, ta co p=lim [ | = lim =1=>r=1.
n—>oo|an| n—opn + 1
- Xéttai x=1,taco Zl phan ky (chudi diéu hoa).
n=0 N
=D’

hdi tu theo tiéu chuan Leibnitz.

-Tat x=-1: >
ai x Z:(; n

Do d6 mién hoi tu cta chudi la X =[-1,1)
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Tacod p=limyla,| =limn=+oc.Suyra r=0.

n—>0 n—0

Vay mién hoi tu cua chudi 1a X = {0}.

!
Taco,o—hm| ”“|—lim 1 i:O.Suyrar:+oo
= g | = (n+1)! ]

Vay mién hdi tu cia chuoi 1a X =R.

=(n+1Y( 1 Y
4
);(ZnJrJ (x+2)

1 n
Ta dat ¢ = , ta c6 chudi Ly thira Z( j t". Tacod
x+2’ 2n+1
) 1
p =limy/la,| =lim ntl :l.Suyrabénkinth)ltu r=—=2.
n—o n—>w2n+1 2 ,0

-Xéttai r=2,tacod chudi s 2(2’“_2)

2n+1

n+2Y' P Y o
Chu y rang ]Jm( ) =lim (H j =e2 #0. Do d6 chudi s6 1a phan ky.
2n+1 10 2n+1

- Xét tai £ =—2. Ta c6 chudi s6 i(—l)”(szrzj . Khi d6
2n+1
2n+2
(-1" [—j
2n+1

Vay tim hoitu 2<¢<2,hay -2 <«

n=0

lim

n—0

2n+1 \ 2041 1 o i
= lim{(l t5 1 1] ] =e? (. Do d6 chuoi so phan ky.
n+

n—

x+2

Do d6 mién hoi tu ciia chudi Iy thira dd cho 13 x = (_w,_g) U (_%,M).

6. Tinh chét co ban ciia chudi lity thira
Gid sir chudi lup thira " a,x" c6 khoang héi tu (-r,r).
a. Tinh chat 1
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Chudi luy thira héi tu déu trén moi doan [a;b] < (—r;7)
Chtrng minh:

n

Lay 0<x, <7, sao cho [a,b]=[x,,x,]. Khi d6 vi 0<x, <rnén chudisd ) a,x;

n=0

hoi tu. Mat khic ta lai ¢ |a,x"| <|a, x|, Vx [a,b] vn

Do d6 chudi Y a,x" hoi tu déu trén [a;5] < (-7;7).
b. Tinh chat 2

Co thé ldy tich phdn timg s6 hang cia chudi trén [a;b] < (=r;r).
c. Tinh chit 3

Téng ctia chudi luy thira la 1 ham lién tuc trong khodng (-r; r).
d. Tinh chat 4

C6 thé ldy dao ham tirng s6 hang ciia chudi.

Chung minh: Suy ra tir tinh chét 1.
Bai tap

Tim mién hoi tu ctia chudi ham

0 2n o * (x+2)n 0 n 2x_3 !
0 EZer » Sl v IO 0 2520
n=l1 n=l1 n=1 n n=
g rD” 6) ii(xﬂ)” P 8) iz(xﬂ)”
n=1n(n+2) nin’ n=1(x—2)" n=1 I’l2

6.5. Chudi Taylor va chudi Mac- Laurin
6.5.1. Khai trién 1 ham thanh chu@i lu§ thira
1. Pit van dé
Gia st ham f(x) c¢6 dao ham moi cép trong moi lan can nao do cua diém x, va co thé
biéu dién dudi dang tong cua 1 chuoi luy thira trong lan cén ay.
2. Dinh dang
f(X)=a, + a,(x—x))+a,(x—x,)" + a;(x—x,)° +..+ a,(x—x,)" +... (0)
trong d6 dy, @;,0y5...,d,,,... 1a cac hang sb
3. Xdc dinh cac hé sé
Theo tinh chat 3 cta chudi luy thtra, trong khoang hoi tu, ta co:

f1(x)=a,+2a,(x—x,)+...+na,(x—x,)"" +.. (1)

f(x)=2a,+..+n(n-Da,(x—x,)"" +... (2)
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Thé x = x, vao cac dang thuc trén, ta co: a, =

k!
4. Két qua
Khi do:
" (n)
f(x)=f(x0)+f/(x0)(x—x0)+f2("‘0)(x—x0)2+...+f n('xo)(x—xo) 4

6.5.2. Chudi Taylor
1. Dinh nghia
JAMED)

n!

Chudi ham Z L 700 (x—x,)" dugc goi la chudi Taylor ctia ham f(x) trong 14n can

cua diém x,

™ (0
Khi x = x,: Chudi ham Zf ©),

n=0 n!

Z_Zy" duoc goi la chudi Mac-Laurin ctia ham £ (x)

Chuy
Theo trén, néu ham sd £(x) c6 dao ham moi cép trong V, va co thé biéu dién dudi
dang tong ctia 1 chudi luy thira trong 14n can ay thi chudi luy thira 4y phai 1a chudi Taylor
cua ham do6 trong lan cén ay.
2. Piéu kién hi tu
Ta xét xem néu chudi Taylor ciia ham f(x) nao d6 hoi tu thi véi diéu kién nao tong
ctia n6 dung bang £ (x).
a) Vi du tong cua chudi hoi tu khong bang ham sd
b
Xét ham séf(x)z e X khix#0
0 khi x=0

Ham f'(x) kha vi vo han 14n tai moi x va dao ham moi cép cua f(x) tai x=0

That vay,
R
— X X
lim f )= f(0) —lim S— = lim z‘e_t2 = [im L. lim %:
X0 x—0 x>0 x t—o t—>o0 ez2 i—>o Dte!
= 0= /10)=0
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/ _ gl 73ex 2 2
lim LSO e et -

x—0 x—0 x—0 X x—0 X t—>+0
2¢* 4¢ 4
=lim —=Ilim —=1Ilim—=0
(>t @ t>+0 o t—>+0 @
= 3 (0)=0

Vay, chudi Mac-Lau rin cua ham £ 1a:

0+0x+0x> +0x’ +...+ 0x" +... n6 hdi tu va c6 tong bang khong voi moi x

b) Pinh nghia ham khai trién duoc thanh chudi Taylor:

Ham s6 f(x) dugc goi 1a khai trién duoc thanh chudi Taylor néu chudi Taylor cta
ham d6 hoi tu va c6 tong dung bang £ (x)

¢) Céc diéu kién du
Pinh ly 1

Gia su trong mot lan cdn nao do cua diém x, ham f(x) co dao ham moi ccfp.

(n+1)

Néu lzm R, (x)=0 trong do R, (x)= f( f)é')( —x,)"!

v6i & la 1diém ndo dé nam giita x, va x thi c6 thé khai trién ham f(x) thanh chudi
Taylor trong lan cdn dy.

Chung minh:

That vay, Khai trién Taylor cua f'(x) dén cép nla: f(x) = P(x) + R (x) trong do

(n+1)

R, (x)= f( f)f') (x—x,)"" vi lzm R (x)=0nén f(x)= lzm P (x)

Mat khac, P (x) = s, (x) téng riéng thtr # cia chudi Tay lor ctia ham /', do d6

fu)fua+f(”@ >~”(”& X - +fm(”u %) +... (d.p.c.m)

Pinh ly 2

Néu trong lan cdn nao do cua diém x, ham f(x) co dao ham moi ccfp va tri tuyét doi
ctia moi dao ham dé déu bi chan béi cung 1 s6 thi ¢é thé khai trién ham f(x) thanh chudi
Taylor trong ldn cdn dy.

Chtng minh:

£ (x)‘ < M trong lan can V,
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£ (&) - M

= R, (x)] = ‘ ‘|x—x0 ‘< lx = x|
(n+1D! (n+1)!

. z &(x=x)" e \ A 2 o (x=x,)"

Do chuoi s6 Z# co mién hgi tu la R = s0 hang tong quat ( 'O) 29 5

n=l n!
|x—x |n+1 n—>0
(n+1)!

— Ham f(x) thanh chudi Taylor trong 1an can ay.

6.5.3. Chudi Mac-Laurin ciia 1 s6 ham thong dung

l.f(x)=¢€"

2 3 ]
F"0)=1 Vn= 1+x+%+§+...+);! +..
N 1a 1 s6 dwong c¢b dinh bat ky, ta c6
Vk >1, Vxe(-N,N), |fP(x)=e" <e" =M

= f(x) khai trién ham f(x) thanh chudi Mac-Laurin trong l4n cdn (—N,+N) ctiax =
x,=0

: x2 3 xn
e =l+x+—+—+. . +—+..
20 3 n!
2. y=sinx
G E sin(x+k%) <1 Vx

— Ham f(x)=sinx khai trién duoc thanh chudi Mac-Laurin

f(0)=0, /10 =1 f'(0)=0, f7(0)=-1, f¥(0)=0...

Vay, ta co:
3 5 7 2n-1
SINX = X — b (=)
35t (2n-1)!
3. y=cosx

Tuong tu nhu trén, chudi Mac-Laurin ctia ham f(x) = cos x hdi ty vé chinh no trén
toan R:

2 x4 x6 x2n

cosx=1-—+——-——+..+(-1)"
20 4 ol (2n)!

+...

4. y=(1+x)*(Chudi nhi thirc)

a(a—1) JER a(a—-1)...a—-n+1) N

I+x)=1+ax+
n!
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bac biét

) 1
* Khi a=—1:1—=1—x+x2—x3+...+(—l)"x"+...
+ X

5. y=In(l+x)

2 3 4
X n

X X X
In(l+x)=x—"—+——-"+ . +(-D)""
(I+x) T (-1) ;

+ ...

Bai tap
1) Khai trién ham y =+/x* thanh chudi Taylor ¢ 1an can diém x =1 ( Viét 4 s6 hang
dau cua chudi Taylor)

Y S 1., X1~

2) Khai trién ham y = — thanh chuoi luy thtra cia x -3
X
3) Khai trién thanh chudi Mac-Laurin cic ham sau;
a) y= l(ex +e™)
Y73

b) y — XZex
c) y =sin’x

RS J X \ X 1o~ , v A 1A
4) Khai trién ham s0 f(x) = 7 thanh chuoi luy thtra cia x va tim mién hoi

X+

tu cua chuoi vira tim duoc.
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	CHUỖI SỐ VÀ CHUỖI LŨY THỪA 
	 Ví dụ 
	   Xét sự hội tụ của các chuỗi số dương sau:  
	  3)   
	   Mà chuỗi   hội tụ nên chuỗi   hội tụ. 
	 Chứng minh: 
	  Giả sử:  . 


	 Chứng minh: 
	 Theo giả thiết, ta có với mọi k, hàm  f(x) giảm trên đoạn [k, k+1] nên 

	6.3. Chuỗi số đan dấu - Chuỗi số có dấu bất kỳ 
	 Chứng minh: 

	6.4.1. Chuỗi hàm 
	1. Định nghĩa 
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	6.4.2. Chuỗi hàm hội tụ đều 
	 Chứng minh. 
	    Rõ ràng chuỗi  ,   hội tụ (theo tiêu chuẩn so sánh) 
	4. Tính chất cơ bản của chuỗi hàm hội tụ đều 


	6.4.3. Chuỗi lũy thừa 
	 Ta có  . 
	 Khi   thì   hội tụ (vì  ). Do vậy chuỗi luỹ thừa   hội tụ.  
	 b. Định lý (Hadamard) (Công thức tìm bán kính hội tụ) 
	 Chứng minh: 
	 Giả sử  . Ta có   
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